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We address the possible lower bound on the “system size” at which hydrodynamics is applicable.
In the context of Gubser flow, we show that the existence of a consistent hydrodynamic solution
translates the condition τ T ∼ 1 to a lower bound on system size for a fixed total transverse
energy. We employ Gubser flow together with a simple model for initial state fluctuations to explain
the experimentally observed multiparticle correlations for pp collisions and to inspect the total
multiplicity bounds at which hydrodynamics works and has a clear signal for observation.
In 2010, CMS collaboration revealed a peculiar obser-
vation of long-range correlations in pp collisions [1] which
is considered as a signature of collective evolution. Later
on, this observation has been confirmed by different ex-
perimental collaborations for different small systems (pp,
pAu, dAu, 3HeAu, pPb) at LHC [2–5] and RHIC [6, 7].
Over the past years, there have been ongoing debates
on the origin of the observed correlation. Efforts to ex-
plain the observed phenomena have been made from dif-
ferent perspectives e.g. to link the correlation to initial
stages of the collision and/or to different descriptions of
the collectivity in small systems (for review see [8]). The
present letter belongs to the category of studies that in-
tend to demonstrate the observed phenomena using the
conventional hydrodynamics [9–15]. The strategy that
we pursue in the present letter is the following: study-
ing hydrodynamic evolution of the produced matter in
pp experiment such that, first, it has essential features
to explain the real data, and, second, it is still simple
enough to monitor an event evolution anatomy clearly.
To achieve this, the best choice in our opinion is the ana-
lytical solution of relativistic hydrodynamic equations for
conformal fluids, Gubser flow, and perturbation on top
of that [16–18]. Before proceeding, it is worth mention-
ing that the paper is based on the following assumption:
the collective evolution is governed by hydrodynamics af-
ter a certain time, at least apparently, regardless of the
hydrodynamic/non-hydrodynamic mode structure of the
underlying physics [15, 19–21].
The hydrodynamic equations are given by the energy-
momentum conservation ∇µTµν = 0 where Tµν = ( +
p)uµuν + pgµν + piµν is the energy-momentum tensor.
Here, , p and uµ (uµuµ = −1) are the energy den-
sity, pressure and fluid velocity, respectively. The dis-
sipative effects are encoded in the shear stress tensor
piµν . Imposing the symmetry SO(3)q × SO(1, 1) × Z2
on the system, the hydrodynamic equations are consid-
erably simplified such that we are able to find an ana-
lytical solution for them. In this study, we focus on a
background solution for an ideal conformal fluid ˆb(ρ) =
ˆ0/ cosh
8/3 ρ (ˆ0 is a free parameter) and an elliptic per-
turbation on top of that ˆ ' ˆb(ρ) [1 + 4λ δ2(ρ) y(θ, φ)],
uˆµ = (−1, λ δuˆθ, λ δuˆφ, 0) where λ is a small param-
eter, y(θ, φ) = −√3/8Y2,2 + Y2,0/2 − √3/8Y2,−2 and
δuˆi ' v2(ρ) ∂iy(θ, φ) for i = θ, φ [16, 17]. Most of
the time the hyperbolic-cylindrical coordinates (τ, r, φ, η)
are used to study the boost-invariant fluids where τ is
the proper time, η is the space-time pseudorapidity and
(r, φ) is the polar coordinate in the transverse plane.
The solution we have presented above, however, is writ-
ten in (ρ, θ, φ, η) where q τ = sech ρ/(cos θ − tanh ρ)
and q r = sin θ/(cos θ − tanh ρ). Here, q is a free pa-
rameter. We refer to this coordinate as de Sitter co-
ordinate. The hydrodynamic equations lead to a lin-
ear system of one dimensional equations for δ2(ρ) and
v2(ρ) which can be solved analytically for ideal hydro-
dynamics. The isotropic initial fluid velocity assumption
at ρ = ρhyd fixes the initial value of the equations to
δ2(ρhyd) = 1 and v2(ρhyd) = 0. The R1,3 metric in this
coordinate system can be written as ds2 = Ω2dsˆ2 where
ds2 = −dτ2 +dr2 +r2dφ2 +τ2dη2 is the metric of dS3×R
space and Ω = τ is the scale factor. Mostly, it is easier
to work in dsˆ2. In such cases, we represent the quantities
with a hat by taking the conformal scaling into account.
In this study, we explicitly ignore to present the
Navier-Stokes (NS) equations solution. We found that
the perturbation on top of Gubser flow is not stable for
NS equations when the initial time of hydrodynamics is
small (less than 1 fm/c). The problem could be cured in
a causal hydrodynamics framework. However, to the best
of our knowledge, the analytical solution for causal hy-
drodynamics with the Gubser symmetry has been found
only in certain limits[22, 23], and perturbation on top of
causal Gubser flow has not been done yet. As a result, it
would increase the complexity of the problem that would
be against the prophecy of the present letter. There-
fore, we estimate the effect of the shear viscosity by using
the numerical studies of conformal second order hydro-
dynamics [24].
In order to compare the Gubser solutions with a
real experiment, we translate the free parameters of
the Gubser solution (q, ˆ0, λ, ρhyd) to the physical quan-
tities in an appropriate way. The physical quanti-
ties, which characterize our initial system, are the to-
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2tal transverse energy tot =
∫
r dr dφ (τ, r, φ), the
rms radius r2rms =
1
2
∫
r dr dφ r2(τ, r, φ), and el-
lipticity 2 = (1/2r
2
rms)
∫
r dr dφ r2 cos(2φ) (τ, r, φ).
The measure of the integrations, in the de Sitter
coordinates reads as τ2 cosh2 ρhyd sin θ dθdφ. Con-
sidering this measure together with the fact that
the solution is initiated on the ρ = ρhyd surface,
we obtain ˆ0 = 3 tot r
2
rms/(4pi cosh
4/3 ρhyd), 1/q
2 =
r2rms
(
1 + 3 tanh2 ρhyd
)
, and λ =
(√
5pi/3
)
2 up to lead-
ing order in the 2 expansion.
Now, we would like to clarify the interpretation of
ρhyd. Regarding fast hydrodynamization, numerous
studies have been done so far. Specifically, the computa-
tions from gauge/gravity duality and kinetic theory indi-
cate that the evolution of a boost-invariant system with
ISO(2) in the transverse space is attracted to the hydro-
dynamic solutions after the time τ T ∼ 1 [20, 21, 25]. In
our case, however, the temperature drops when we move
from the center to the tail of the energy density. So it is
plausible to assume that the hydrodynamization happens
at different proper times depending on the temperature.
This argument allows us to define the hydrodynamization
surface, the surface on which τ T is constant and in the
order of the unity. Considering a typical heavy ion col-
lision, some parts of the fireball are about to freeze out
immediately after the initiation because the temperature
of these parts is equal to the freeze-out temperature Tfo.
For that reason, we choose that part of the medium as
a reference point such that it is already hydrodynamized
at time τhyd. The condition τ T = τhyd Tfo constant sur-
face can be translated into the τ1/4 = τhyd
1/4
fo via the
equation-of-state (e.o.s.)  = C0 T
4. Subsequently, by
employing the background solution ˆb(ρ) = ˆ0/ cosh
8/3 ρ,
one finds
ρhyd = − arccosh
[(
3 γ˜2
4pi γ
)1/4]
+O(2), (1)
for the hydrodynamization surface ρ = ρhyd. Here we
have defined the following dimensionless quantities
γ = τhyd 
1/4
fo , γ˜ = rrms 
1/2
tot . (2)
Having found ρhyd, we are able to initiate the Gub-
ser solution uniquely in terms of the physical quantities
(tot, rrms, 2, τhyd).
In order to obtain the associated final particle dis-
tribution function, we employ Cooper-Frye prescription
dN/dp = −g/(2pi)3 ∫ pµdΣµ exp [pµuµ/Tfo] [26] where
dp ≡ d3p/E, and Σµ = (ρ, θfo(ρ, φ), φ, η) indicates the
freeze-out surface. The surface is specified by equation
ˆ(ρ, θfo, φ) = ˆfo to find,
cos θfo(ρ, φ) = tanh ρ+
1
q˜
sech1/3 ρ [1 + λδ2(ρ)f(ρ, φ, q˜)]
(3)
0 5 100 5 100 5 10
0
5
10
15
r/rcrit r/rcrit r/rcrit
rrms = 4rcrit rrms = 2rcrit rrms = rcrit
τ/
r c
ri
t
ρ =
ρhyd
FIG. 1. Freeze-out surface for systems with three different
sizes where rcrit = 0.1 fm, τhyd = 0.62 fm/c, C0 = 11.
where f(ρ, φ, q˜) = 18
√
5
pi
[
1 + 3 cos 2φ− 6 cos2 φ cos2 θb(ρ)
]
and θb(ρ) = cos θfo(ρ, φ)|λ=0. Here, we have introduced
another dimensionless quantity q˜ = q (ˆ0/fo)
1/4
, which
controls the overall shape of the freeze-out surface for
unperturbed solution.
Initiating the evolution on γ = τ1/4 = τhyd 
1/4
fo sur-
face leads us to an interesting conclusion. Let us define
τ¯fo as the time at which the last fluid cell of the system is
frozen out. This implies τ < τ¯fo for any τ satisfying the
equation b(τ, r) = fo. On the other hand, τhyd = γ/
1/4
fo
on the the hydrodynamization surface is a member of
freeze-out surface too. Now we can simply see that there
are possible cases such that τhyd > τ¯fo which is in con-
tradiction to the definition of τ¯fo and consequently the
hydrodynamic solution b(τ, r) cannot exist. As an intu-
itive picture, one can consider a disk in the range  > fo
such that its internal parts are hydrodynamized while
the outer parts are not. Referring to Eq. (1), we can
simply find a criterion for the non-existence of ρhyd (and
corresponding b(τ, r)) such as,
rrms ≥ rcrit, (4)
where rcrit = (4pi/3)
1/2
γ2
−1/2
tot . In Fig. 1, the freeze-
out surface of systems with three different sizes is shown,
and the surface for a system in critical size is depicted
in the right panel. The existence of the lower bound
is based on a generic argument irrespective of the order
used in hydrodynamic expansion. The bound (4) is com-
patible with the one obtained by numerical holographic
computations for two colliding shock waves [27, 28]. To
see that one can estimate the averaged initial energy
density as ¯init ∼ tot/pir2rms. Hence, by identifying
Teff = (4¯init/3pi
4)1/4, we obtain rrms Teff ∼ γ ∼ 1.
For a given initial transverse energy, there is also an
upper bound for the system size. This corresponds to the
case that there is not enough energy density deposited
into the given region for producing a deconfined mat-
ter. The criterion for such a case can be obtained by
ρhyd = ρmax which indicates there is no “time” left for hy-
drodynamic evolution. Recalling the definition of ρmax,
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FIG. 2. Not-hydrodynamized, hadron free streaming, and
hydrodynamized regions in the (rrms, dN/dyp) phase space.
The value of k2(rrms, ntot) is shown as contour plot.
we can find an upper bound for rrms
rrms ≤ Rcrit, (5)
where the functionality of Rcrit to tot can be found from
cos θfo(ρhyd) = 1.
In order to study the particle spectrum and its
anisotropy, we divide events into two main categories.
The events with size rcrit < rrms < Rcrit in which hydro-
dynamized matter, “QGP”, is formed and rrms > Rcrit
which only contains hadrons. In this work, we skip those
events with rcrit > rrms which are not fully hydrody-
namized. In the first case, there are at least a small re-
gion in the energy density (core) in which the system is
in deconfined phase and hydrodynamized, but at the tail
of the energy density (corona) the system is in hadronic
phase. The spectrum of such a phase can be written as
dNQGP/dp = dNcore/dp + dNcorona/dp. We assume the
core part evolves with hydrodynamic equations while for
the hadron parts we simply assume that a free streaming
starts immediately after the initiation. The particle dis-
tribution of the corona also can be obtained by Cooper-
Frye formula where the freeze-out surface is coincident
with the hydrodynamization surface, Σµ = (ρhyd, θ, φ, η).
According to this picture, the particle distribution for a
small perturbation λ is given by
dNQGP
dp
' dNQGP
dp
∣∣∣∣
λ=0
+
d
dλ
dNcore
dp
∣∣∣∣
λ=0
λ. (6)
Ignoring the mass of the final particle, the particle
distribution in the unit rapidity of an unperturbed
flow can be obtained analytically, dNQGP/dyp|λ=0 =
(g/C
3/4
0 )
√
3/pi3
[
τhyd 
1/4
fo rrms 
1/2
tot
]
. The same compu-
tation for the events with rrms > Rcrit gives rise to the
same result for dNhadron/dp. For a specific geometry and
by fixing C0 and fo related to the underlying physics
property, we are able to relate the final total multiplicity
to tot. Furthermore, the interpretation of the inequality
(4) to particle distribution leads us to a lower bound for
multiplicity when hydrodynamics is still applicable,
ntot ≡ dN
dyp
≥ ncrit. (7)
where ncrit = (4g/piC
3/4
0 )
[
τ3hyd 
3/4
fo
]
. Interestingly, the
lower bound only depends on τ3hyd for a given underly-
ing physics parameters. The same bound for multiplic-
ity is found for events rrms < Rcrit given as dN/dyp >
Ncrit(rrms). Unlike ncrit, the lower bound Ncrit(rrms)
depends on the system size. The bounds are shown
by black curves in Fig. 2. In fact, for a fixed rrms >
4gγτ2hyd
1/2
fo /piC
3/4
0 , the deconfined phase for the events
in the range ncrit < dN/dyp < Ncrit is not formed.
We compute the second term of Eq. (6) to find out the
hydrodynamic response, k2(rrms, ntot) = (∂v2/∂2)|2=0.
It receives contributions form the integrand in Cooper-
Frye formula and from the anisotropy in the freeze-out
surface. Based on the model we have illustrated so far,
we obtain a semi-analytical result for k2 (a numerical in-
tegration over pT and ρ should be performed). In Fig. 2,
the contour plot of k2(rrms, ntot) for pions m = 139 MeV
is depicted. Here, we have fixed fo = 0.18 GeV/fm
3
and g = 2(N2c − 1) = 16. As it can be seen, for a fixed
multiplicity density, by approaching to the hadron phase
region, k2(rrms, ntot) vanishes.
Now, we introduce a simple and rather generic model
for the fluctuations. Using this model together with
k2(rrms, ntot), we explore v2{2}, v2{4}, and v2{6}, ob-
served by ATLAS and CMS for pp collisions [3–5]. As-
sume the rms radius fluctuation is not correlated with the
ellipticity. This implies that we can consider the fluctu-
ations as p(2) pr(rrms). Consequently
pv(v2;ntot) =
∫
drrms
k2
p(2/k2) pr(rrms), (8)
where k2 ≡ k2(rrms, ntot). For a nearly Gaussian el-
lipticity distribution, one is able to write p(2) =
(2/σ
2
 ) exp
[−(22/2σ2 )] [1 + (Γ2/2)L2 − (Γ4/6)L3 + · · · ]
where in the above, Ln ≡ Ln(22/2σ2 ) is the Laguerre
polynomial, Γ2 ≡ −(4{4}/2{2})4 (kurtosis) and Γ4 ≡
4(4{6}/2{2})6 [29, 30]. Here 2{2k} is the cumulant
of p(2) distribution [31]. Finally, one simply finds the
following analytical expressions for first three cumulants
of pv(v2;ntot) [32],
c2{2} = 2σ2 〈k22〉r, (9a)
c2{4} = 4σ4
[
(2 + Γ2)〈k42〉r − 2〈k22〉2r
]
, (9b)
c2{6} = 8σ6
[
(6 + 9Γ2 + Γ

4)〈k62〉r − 9(2 + Γ2)〈k22〉r〈k42〉r
+ 12〈k22〉3r
]
(9c)
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FIG. 3. Comparing the Gubser based hydrodynamic model
with the ATLAS data published in Refs. [4, 5].
where in the above 〈· · ·〉r is averaging with respect
to pr(rrms) distribution. In the present study, we
simply consider a Gaussian distribution pr(rrms) =
rrms/σr exp[−r2rms/(2σ2r)] for the rms radius. The width
of the distribution depends on the center-of-mass energy
via 〈rrms〉2 = piσ2r/2 = 2B where B = σinelNN (
√
s)/14.3
[33]. The energy dependence of the pp inelastic cross
section σinelNN (
√
s) can be found in [34].
In order to compare our hydrodynamic computations
with real data, we justify two main simplifications as-
sumed in this study: the first one is ignoring the effect
of shear viscosity and the second is the conformal sym-
metry. We estimate the effect of shear viscosity by us-
ing the results of conformal second order hydrodynamic
computations [24] in which the shear effect is evaluated
as kvisc2 ' k2(1 − 1.2(η/s)). Due to the fact that this
estimation is rrms independent, it can be combined with
the free parameter σ in Eqs. (9). Regarding the con-
formal symmetry, although temperature dependence of
C0 = /T
4 has dynamical contribution in the evolution
of a non-conformal fluid, a suitably chosen “effective con-
stant” C0 should lead to sensible predictions for more
realistic computations. For massless final particle distri-
bution as a reasonable approximation for massive one, we
find that the contribution of e.o.s. coefficient C0 = /T
4
always appears with γ as γ/C
3/4
0 . This indicates that it
is always possible to “tune” the hydrodynamization time
for model/data comparison. As we will see shortly, the
extra contribution of γ on changing the duration of hy-
drodynamic evolution leads to a minor difference to final
result.
For model/data comparison, we refer to Eqs. (9) to
obtain (
2{4}
2{2}
)4
− 2 =
[(
v2{4}
v2{2}
)4
− 2
]
〈k22〉2r
〈k42〉r
. (10)
■ ■ ■
0 50 100 150
0.00
0.02
0.04
0.06
0.08
0.10
0.12
〈Nch〉
v 2
{6
}
Γε4 = 6.0
Γε4 = 4.5
Γε4 = 3.0
Γε4 = 1.5■ CMS
C0 = 11, τhyd = 0.62 fm
σε = 0.094, Γε2 =−0.63
pp,
√
s= 13 TeV
0.3< pT < 3 GeVN
o
Q
G
P
fo
rm
or
e
th
an
3%
of
ev
en
ts
FIG. 4. Comparing the Gubser based hydrodynamic model
with the CMS data published at Ref. [3].
One notes that for the case k2 has no rrms depen-
dence we find 2{4}/2{2} = v2{4}/v2{2} [35]. In
Ref. [5], the kurtosis of the flow harmonic fluctuations
Γv2 ≡ −(v2{4}/v2{2})4 (translated into the “number of
sources” Ns) for pp collision has been reported to be
between -0.25 to -0.45 in the range of charged multiplic-
ities, 〈Nch〉, around 80 to 160. The charged multiplic-
ity in the above study has been obtained in the range
|η| < 2.5. It means 〈Nch〉 ≈ 5(2/3)dN/dyp by assuming
dN/dyp ≈ dN/dη. With this considerations, one finds
that the ratio 〈k22〉2r/〈k42〉r varies mildly around 0.86 in
the range 80 < 〈Nch〉 < 150. Therefore, we na¨ıvely esti-
mate the initial kurtosis Γ2 to be around −0.5 to −0.66.
Now we compare our model with the ATLAS collabo-
ration result for v2{2} and v2{4} obtained by peripheral
subtraction and three-subevent event methods, respec-
tively [4, 5] (Fig. 3), and v2{6} obtained by CMS collab-
oration based on the standard multiparticle method [3]
(Fig. 4). Here, the initial fluctuation parameters for all
multiplicities are fixed to σ = 0.094 and Γ

2 = −0.63 and
dissipative effect on hydrodynamic response is estimated
for η/s = 0.16. As it is indicated in Fig. 3, except a rise
around 〈Nch〉 ' 80 in v2{4}, our hydrodynamic model
fits to ATLAS data nicely. The smallness of σ guaran-
tees that the perturbation on top of Gubser flow is valid
for our computations. Our model shows very low de-
pendence on center-of-mass energy compatible with data
(
√
s = 5.02 TeV comparison is not shown). Also the hy-
drodynamic response changes modestly for the systems
with γ/C
3/4
0 = cte. For the parameters mentioned in the
Fig. 3, the bound ncrit leads to the fact that 〈Nch〉 & 3
for hydrodynamics applicability. On the other hand, re-
ferring to the distribution pr(rrms), one finds that around
3% of events have rrms < 2 fm. As a consequence, ac-
cording to Ncrit(rrms), “QGP” is not formed for more
5than 3% of events in the multiplicities 〈Nch〉 . 30. Also
from Fig. 2, we see that k2 is small for events with size
rrms < 0.8 fm. It indicates that, in the same range of mul-
tiplicity, the flow signal is very low for more than 50% of
events. In Fig. 4, we compare v2{6}, which is obtained
from our model for different values of Γ4, with the one
from CMS experiment. Our model does not follow the
data trend in an appropriate way. It might be due to the
nonflow effect. In fact, there are evidences that nonflow
effects are not fully removed from multiparticle correla-
tions in small systems by using standard method [5]. The
other possibility could be because of missing physics in
our simple model. To this regards, further theoretical in-
vestigations and more accurate observations are needed.
In this letter, we introduced a Gubser flow based hy-
drodynamic model. We showed that there is a lower
bound for a fluid droplet which indicates the smallest
possible hydrodynamized system. For the initial state of
pp collisions, we introduced a simple and rather generic
model. This model together with the Gubser flow based
hydrodynamic model was used to explain v2{2}, v2{4},
and v2{6} measured by ATLAS and CMS. We also dis-
cussed about the validity and feasibility range of hydro-
dynamic response in terms of charge multiplicity.
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